carried out within minutes. This fast and convenient solution of object capturing can increase the efficiency of the The use of range imaging has been gaining popularity in reverse engineering. One challenging task is the detection of reverse engineering process. Another benefit of employing feature information from range images. In this paper, an ap-laser scanning is that 3D objects are digitized in a simple proach to detect geometric features from range images using a array data structure. This allows the techniques of image fuzzy partitioning theory and geometric invariants is developed. processing to be applied for manipulating and analyzing Based on the fuzzy C-shell clustering technique, quadric fea-depth data. 
INTRODUCTION
range image-based RE, a critical task is to recover the geometry of the original objects from range images. Recog-
Reverse Engineering Employing Range Imaging
nizing the relevant feature information is very useful for In order to reduce the cycle time of the entire manufac-the subsequent operations of RE. turing sequence, substantial effort has been focused on the integration of manufacturing systems. Reverse engineering 1.2. Previous Work (RE) is gaining increasing attention for its capability to improve productivity [1] . From a narrower view point, RE Previous research on vision-based geometric feature extraction can broadly be classified into three categories: explores the methodologies that use certain equipment to measure the given objects, reconstruct or recover the model-based statistics regression, primitive surface fitting, and Hough transformation (HT). In traditional modelgeometry of the objects, and rapidly fabricate the prototypes of the models.
based statistical approaches, a model base including plane, cylinder, cone, sphere, etc., is generally required to be set Coordinate measuring machines (CMMs) are commonly used in the current RE context for object measurement up for the extraction process [1] . Parameters such as sphere and cylinder radii are estimated based on the theory of and inspection. The role of CMMs in range data acquisition is both laborious and unsuitable. On the other hand, cap-maximum likelihood decision [4] . Practically, the invoking of appropriate models often relies on the human expertise turing range data with a laser scanner has many advantages such as speed, noncontact sensing, high resolution, and while enumerating candidature models is computationally intensive, especially when the model base is not small. reasonably good accuracy over CMMs. The technique of active lighting with triangulation is widely used in the com-The minimization of errors between the model and the corresponding range data is sensitive to the data set used; mercially available laser scanners to digitize the threedimensional coordinates of an object. Scanning of the a priori segmentation of the range data into distinctive primitive patches is therefore required. However, satisfacrange objects with a resolution of 512 ϫ 512 can be typically 
Revolutional invariant q ϭ Ϫ2I HT or the generalized Hough transformation (GHT) is another category of approaches for detecting shapes of to achieve. Thus, robust regressions are developed to detect primitive features without assuming that all data points known descriptions. The parametric space of the a priori known structures is subdivided into rectangular cells. Each belong to a single primitive as in traditional statistics approaches [5] .
datum point adds a vote to every cell when the point is located on the primitive associated with the parameters of Primitive surface fittings rely heavily on the segmentation of range images which typically consists of region that cell. The primitives with accumulated peaks in parameter space are extracted from image data. Muller and Mohr splitting and region growing processes. In the splitting process, curvature properties of surfaces are usually explored extract quadric surfaces using a divide-and-conquer Hough approach [8] . Hebert and Ponce classify the planar, cylinfor segmenting objects into primitive patches. Based on this local point classification, points in the same category drical, and conical surfaces using HT on the Gaussian sphere [9] . The exponential increase of the memory reneed to be merged. Smooth representations are then achieved by the proper fitting procedures. Besl and Jain quirement is one of the major disadvantages of these methods. Besides, one needs to devise a different HT or GHT use Gaussian and mean curvatures to segment an image into eight types of simple surfaces. After the region grow-for each type of structure and mixed primitives are usually difficult to deal with. To improve efficiency, some researching process, the variable order surface fittings are applied to obtain the smoothed surface primitives [6] . Fan et al. use ers use a combined approach of model-based statistics regression and HT to extract features [10] . principal curvatures to partition scenes into homogeneous regions. Quadric patches are fitted based on the segmenta-1.3. Outline of the Paper tion results [7] . Similar to the statistics regressions, surface primitive fittings suffer from the poor robustness encounModel-based feature recognition is one of the important topics in current CAD/CAM research. Geometric features tered in the range image segmentation. extracted from CAD models are useful for manufacturing data is usually imprecise and the internal structure of objects in images can be ambiguous. To cope with such uncerapplications. This paper addresses an attempt to extract geometric features of engineering objects from depth im-tainty in range imaging, a general description of the classification process indicating the role of fuzzy sets has been ages captured through laser scanning. Many factors such as geometric shape, viewing angle, noise, and occlusion given by Zadeh [11] . Based on the theory of fuzzy partitioning, the mathematical description of geometric feature are involved in the process of image acquisition. The depth extraction from range images is developed in this work. traction can be used for the development of range-based reverse engineering. The invariant theory is applied in this work to classify the partitioned shells using an invariant-based decision-tree For the tasks of image-based geometric feature detection, three significant advantages of employing the fuzzy and to explicitly represent the parameters of the extracted geometric features. The present technique of feature ex-and invariant approaches are that (1) the point pattern is characterized by a degree of membership to the given ing. The quadric features are analyzed and characterized using the geometric invariant approach. In Section 4, some cluster, (2) the data classification is integrated with the process of obtaining the geometric descriptions of the clus-experimental results are demonstrated. This is followed by conclusions in Section 5. tered shells, and (3) the integration of the fuzzy partitioning with the invariant analysis makes it possible to identify 2. FUZZY PARTITIONING THEORY the qualitative quadric features in 3D space. Instead of performing sequential model fitting after image segmenta-2.1. Fuzzy Partitioning tion as in typical statistical model regression, the present approach of feature extraction is able to segment and fit
In traditional classification, Boolean characterization of class relationship is considered. Sometimes it would almost shells simultaneously. In other words, the geometric representations of shell prototypes are generated during the be impossible to classify the patterns in such a strict way.
For highly entangled patterns, Bayesian classifications do process of pattern classifications. At the same time, the fuzzy partitioning algorithm allows the extraction of multi-not perform well. The inability of the hard version of clustering techniques stems either from a situation in which a ple geometric features in a parallel manner. Using an iterative way of fuzzy clustering, the subdivision process, typi-process of hard labeling is difficult to perform or completely artificial. On the other hand, fuzzy labeling is of cally used in HT approaches to approximate feature representations, is not required and an accurate solution higher flexibility since the result of classification could be interpreted in a convenient fashion. There is no difficulty can be obtained. The rest of the paper is organized as follows: Section 2 introduces the theory of fuzzy parti-in treating a case of multimembership pattern which could belong to several categories at the same time. tioning. Section 3 is devoted to geometric feature extraction employing the technique of fuzzy quadric shell clusterGenerally speaking, the clustering problem is formu-the total membership of the elements is normalized: 
Optimal Clustering Algorithms
The optimal clustering problem concerned with an infinite family of fuzzy objective function clustering called fuzzy C-mean algorithms (FCM) was first reported by Dunn [12] . Dave and Bhaswan proposed the fuzzy C-shell (FCS) and fuzzy adaptive C-shells (FACS) algorithms which were successfully used in detecting spherical and ellipsoidal shell clusters [13] . More recently, Krishnapuram et al. reported their fuzzy C quadric shell (FCQS) clustering algorithm which was expressly designed to seek clusters that can be described by segments of second-degree curves [14] . For CAD/CAM tasks, it is convenient to describe the object by its boundary or surface shells. Quadric and planar surfaces are the most commonly encountered features in the manufacturing context. It has been reported that over 85% of mechanical parts can be represented by the subset of the quadrics [15] . Clustering the quadric shells in 3D space and extracting their prototypes of the shells are particularly important for many operations in reverse engineering.
FUZZY QUADRIC FEATURE DETECTION

Quadric Shell
The quadric surface is commonly expressed by 
where T ϭ (x, y, z, 1) and Q ϭ (a ij ) 4ϫ4 , a ij ϭ a ji , i, j ϭ 0, 1, 2, 3. lated in the following way. Consider a finite set of elements Let X ϭ ͕X 0 , X 1 , . . . , X KϪ1 ͖ in three-dimensional Euclidean space; partition of this collection of elements into fixed then the quadric surface can also be expressed as
Objective Function and Shell Thickness
The objective function can be described as
Here d lk is a notion of distance or dissimilarity measure to classify the objects. Usually, the results of clustering are represented in the form of the C ϫ K partition matrix Ȑ. Two additional constraints need to be introduced. First, Given a number of range image points ͕(x k , y k , z k ), The above distance is highly nonlinear in nature and is sensitive to the placement of point (x k , y k , z k ) with protok ϭ 0, 1, . . . , K Ϫ 1͖, the distance from the T k ϭ (x k , y k , z k , 1) to the lth quadric prototype Q l ϭ (a (l) ij ) 4ϫ4 can type Q l . The objective function displays the thickness of the shell and the fuzzy C-shell clustering involves minimizbe described as ing shell thickness.
Invariant Constraint Optimization d
In order to avoid the trivial zero solution, constraints are necessary. Considering R l ϭ (a (l) ij ) 3ϫ3 , it is clear that matrix trace tr(R 2 l ) is invariant to both translation and where rotation [16] . A constraint optimization with invariant conditions tr(R by applying the Lagrange multiplier method, the above constraint optimization (5) is transferred into a nonconstraint problem
) MIN tr(R
Thus a solution can be found from the equations where
where a practical way to partition range images into shells.
Updating of the Fuzzy C-Partition 3.6. Geometric Invariant Analysis Membership Matrix
In RE, providing a CAD/CAM system with the geometThere are some ways to generate the membership maric information of a part is one of the primary objectives. trix. Artificial assignment uses the experience of human Accurately reconstructed surfaces and explicit geometric beings to determine the membership value. Mathematical parameters of objects are often required for certain manusimulation generates the membership matrix by employing facturing processes such as NC programming and inspecideas like graph theory or dynamic programming. We foltion. One probable reason for most of the previous rangelow Bezdek and use the following updating roles to obtain based RE researches to choose model-based surface fitting a convergent membership matrix [17] for geometric feature extraction is that it is not easy to obtain the geometric parameters of general quadric surfaces. We have developed a geometric invariant approach to analyze the geometric features directly from the general quadric shells [18] . Table 1 lists the geometric invariants
used. Five types of geometric invariants, namely, basic invariants, eigenvalue invariants, spherical invariant, revolutional invariant, and rotational invariants, are introduced. On the basis of invariants, quadrics can be classified (8) cal structure with range images and quadric features as two major classes is designed using Cϩϩ programming. The MATLAB software is used for some of the numerical calculations. As external functions of our own classes, the MATLAB subroutines are called through the MatlabEngine.
Synthetic Range Data
In this section, we demonstrate the geometric feature extraction from simulated range data. An image of a revolutional engineering part with resolution of 63 ϫ 63 is synthesized based on a CAD model which includes one concave sphere (radius 11 mm), one convex sphere (radius 23 mm), and one cone (angle 25.20Њ). Figure 2a illustrates the depth image of the part. A zero depth value is assigned to the background points. In order to reduce the processing time, the valid flag of image points is used so that all background points will be separated from the valid object points (Fig. 2b) . The image simulates the result of laser scanning from a top view.
In this example, the membership matrix is randomly initialized with a uniform distribution. To obtain a convergent result, about 15 iterations of membership updating are required. The initial and converged memberships are illustrated in Fig. 3 . Since the membership grade represents the degree of belongingness of data pattern to a cluster, we classify a point into its maximal grade cluster. With the converged membership matrix, all the patterns are labeled into their most likely clusters. For this example, the image is segmented into three clusters as illustrated in Fig. 4 . The prototypes of these three shells are also generated and can be used for further feature classification.
The partition matrix provides a labeling of point patterns while the prototypes of the quadric shells provide the geometric information of objects. The geometric into three types: central quadrics, multicentral quadrics, invariants can be calculated according to their definitions and noncentral quadrics. Multicentral quadrics and in Table 1 . Table 3 lists the algebraic representations of noncentral quadrics both have two subtypes: type I and the quadric prototypes of the three shells. The corretype II. This classification helps to determine the position sponding invariants computed are listed in Table 4 . Using of quadrics, though here we are more concentrated on the invariant-based classification (see Fig. 1 ), it is now clear discussion of the invariant properties of quadric features. that the extracted cluster 1 and cluster 2 are spherical A complete classification of the quadric features using the since their spherical invariants are very small (I S Ͻ invariants is shown in Fig. 1 . The parameters of some 0.001). The geometric invariants of the extracted cluster common primitive features, such as cylinder radius, cone 3 imply that it is a revolutional double-sheet hyperboloid. angle, etc., can be represented in terms of the quadric However, since its basic invariant I 4 is very small (I 4 ϭ invariants (Table 2) .
0.00001), we classify it as a cone by proper thresholding. The geometric invariants can be used not only for quadric 4. EXAMPLES feature classification, but also for feature parameter computations (see Table 2 ). In this example, based on the 4.1. System Descriptions results of the computed invariant value in Table 4 , the parameters of the primitives can be obtained in Table  The computation Fig. 5 , a real range image is captured using The region splitting and region growing processes of a 3D scanner system called REPLICA. By exploiting laser traditional image segmentations can be spared. Objects stripe triangulation, REPLICA measures up to 14,000 sur-with curved and blended surface shells are no longer face points per second. The size of the real wood model required to be segmented beforehand. Therefore, autois about 50 ϫ 60 ϫ 25 mm with three semi-cylinders on mated interpretation is now feasible. This method can top (radius 10 Ϯ 1 mm). The whole scanning procedure be applied to extract geometric features from multiple of a top view with resolution 97 ϫ 111 takes about 2 view images, as long as the images are registered within min. The intervals in both profile direction and scan-line a single coordinate system. direction are 0.5 mm. Since the scanner does not perform Local minimum is one of the common problems one well near the boundaries or silhouettes of objects, we may encounter in using fuzzy or neural network apchoose an internal region on the top surface about 2-3 proaches. A good initial estimation of the memberships mm away from the silhouettes as scanning area. Thus the may lead to fast and global convergence of the algorithm. middle cylinder is more complete than its two neighbors We are investigating the application of certain knowledge in the captured image.
such as curvatures to improve the efficiency of fuzzy The membership matrix is randomly initialized with a clustering. A promising way to reduce the convergent uniform distribution for the fuzzy clustering. After about time is to apply parallel processing which is a natural 90 iterations of membership updating, the converged mem-formulation using the presented approach. Selection of bership matrix is used to classify the data patterns into the optimal cluster number is one of the controversial their maximal grade clusters. Figure 6 shows the initial and topics. In our experiments, we found that an overconverged memberships of three clusters. The segmented estimated cluster number may produce duplicate shells shells are illustrated in Fig. 7 . The generated prototypes which can then be merged by applying algebraic methods and the corresponding geometric invariants are listed in including invariants. Tables 5 and 6 . By proper thresholdings, it can be inferred that each of the three clustered shells can be classified as cylinder for the following reasons: (1) the basic invariants APPENDIX: NOMENCLATURE I 3 and I 4 are very small (͉ I 3 ͉ Ͻ 0.002 and ͉ I 4 ͉ Ͻ 0.007), and I 2 is positive; (2) I 1 ‫ء‬ K 2 is negative. The revolutional (a ij )
Ϫ1
Inverse of square matrix det(a ij ) or ͉a ij ͉ Determinant of square matrix invariants I r show shell 2 has the best roundness while shell 1 has the worst. The maximum and minimum radius of the tr(a ij )
Trace of square matrix (Ȑ lk ) Fuzzy membership matrix three cylinders can be calculated respectively. The results are shown in Table 7 .
Q l ϭ (a (l) ij ) 4ϫ4 lth quadric prototype (x k , y k , z k ) kth point d lk Distance from kth point to lth prototype 3 Eigenvalue invariants A fuzzy-based approach to geometric feature extraction from range images is presented in this paper. As a result I s Spherical invariant I r
CONCLUSIONS
Revolutional invariant of the general quadric representation, there is no need to build up the model database and multishape quadric K 1 , K 2 Rotational invariants
